Abstract. We show that if the entropy of any closed hypersurface is close to that of a round hyper-sphere, then it is close to a round sphere in Hausdorff distance. This generalizes the result of [3] to higher dimensions.
Introduction
Let † n R nC1 be a hypersurface, that is, a connected, smooth, properly embedded, codimension-1 submanifold. In [10] , Colding and Minicozzi introduced the entropy functional . †/ for such a hypersurface when studying generic singularities of the mean curvature flow. It is a natural geometric quantity that measures the complexity of a hypersurface, and it is defined by . †/ D sup .y; /2R nC1 R
F . † C y/;
where F is the Gaussian area of † defined by By definition, entropy is invariant under dilations and rigid motions in R nC1 . The mean curvature flow in R nC1 is a one-parameter family of surfaces ¹ † t º t 2I that evolves over time t by the equation
Here x is the position vector, ? means normal component of a vector, n is the unit normal field and H D H n D div.n/n is the mean curvature vector. By Huisken's monotonicity formula [18] , the entropy is non-increasing under mean curvature flow. A direct computation gives that the entropy of a hyperplane is 1, minimizing entropy among all complete immersed hypersurfaces.
It is natural to consider which closed surfaces minimize the entropy among all closed hypersurfaces, and the uniqueness and stability property of such surfaces. In [2] , Bernstein and Wang showed that the round spheres S n uniquely minimize the entropy (modulo dilations and rigid motions) among closed hypersurfaces in R nC1 for 2 Ä n Ä 6, giving an affirmative answer to a conjecture made by Colding, Ilmanen, Minicozzi and White in [9] . Later, Zhu [26] extended the result to all higher dimensions. In [3] , Bernstein and Wang further showed that, for n D 2, the round sphere is Hausdorff stable under small perturbations of entropy. In the same paper [3] , they got an explicit relationship between the (normalized) Hausdorff distance of a surface to a round sphere and the difference between their entropies, which is analogous to the Bonnesen isoperimetric inequality for planar curves measuring the roundness of the circle by the isoperimetric defect. For n D 1, the above results are true, see [1, 16, 17] .
In this note, we show the Hausdorff stability for the round n-sphere, generalizing the result of [3] to closed hypersurfaces in R nC1 . Theorem 1.1. For any > 0, there is ı D ı. / > 0 such that, if † is a closed hypersurface in R nC1 with entropy . †/ < .S n / C ı, then
or in other words, there exist some 0 > 0; y 0 2 R nC1 such that dist H . †; 0 S n C y 0 / < 0 :
In [3] , when Bernstein and Wang prove the case for n D 2, they need to use the result in [5] ruling out non-flat self-shrinkers with low entropy. This is not known in higher dimensions. We are not able to show that Bonnesen type isoperimetric inequality as in [3] .
To prove the theorem above, we will choose a special kind of weak flow developed by Ilmanen [19] , and prove a uniform dependence on time of Hausdorff distance between different time slices of the flow. This uniform dependence can be viewed as a 2-sided version of Brakke's "clearing-out lemma" (see [6, Section 12.2] ) when the entropy is small, which works both backward and forward in time. As this may be of independent interest, we record it here in the setting of smooth flows: Theorem 1.2. There exist ı.n/ > 0, C.n/ > 0, Á.n/ > 0, .n/ 2 .0; 1/ so that the following holds: if ¹M n t º is a mean curvature flow of hypersurfaces in R nC1 that reaches the space-time point .x 0 ; t 0 / 2 R nC1 R, with entropy .M t / Ä .S n / C ı.n/, and M t ¤ ; for all t 2 .t 0 R 2 ; t 0 C R 2 /, then for all 0 < C < R,
where H n denotes the n-dimensional volume on hypersurfaces.
Remark 1.3. This 2-sided clearing-out lemma is not true for flows ¹M t º with entropy .¹M t º/ .S n 1 R/. Consider the rotational-symmetric translating "bowl" soliton, whose entropy is equal to .S n 1 R/ and is rescaled so that the speed of translation is 1 C 2 . For any 2 .0; 1/, by choosing > 1, R > C , and .x 0 ; t 0 / to be the tip of the translating "bowl" soliton, we get a counter example. However, we speculate that the theorem should still hold under the entropy bound .¹M t º/ < .S n 1 R/. the open ball and closed ball in R nC1 with radius R, respectively. We omit the superscript when the dimension is clear from context.
Given two compact subsets X; Y R nC1 , the Hausdorff distance dist H .X; Y / between X and Y is defined by
For any > 0, x 0 2 R nC1 and R nC1 , we denote
2.2. Varifold and currents. Following the notations in [19] , we denote
M.R nC1 /, IM k .R nC1 / and IV k .R nC1 / are equipped with corresponding weak topologies. I k .R nC1 / is equipped with the flat topology. See [19, Section 1] for details of the topologies and corresponding compactness theorems. There are natural maps
Of the above maps, only 2 is continuous. We use the following notations for convenience:
Following definitions in [25] , an integral current T 2 I k .R nC1 / and an integer k-recti-
2.3. Self-shrinkers. A self-shrinker of mean curvature flow is a hypersurface † R nC1 that satisfies the equation
It is the time 1 slice of a mean curvature flow that is shrinking with self-similarity
The singularities of mean curvature flow are modeled on self-shrinkers by Huisken's monotonicity formula [18] d dt
where
Self-shrinkers are critical points for the Gaussian area functional F . The entropy of a self-shrinker is equal to its Gaussian area according to computations in [10] . The associated flow for the self-shrinker has constant entropy independent of time.
In general, the entropy of a flow is defined by
Important examples of self-shrinkers are generalized cylinders defined, for 0 Ä k Ä n,
One has
Weak mean curvature flows
In this section, we gather various notions of weak mean curvature flows and prove some properties of them that will be used in this note. We mostly follow the formulations in [19] .
where H is the weak mean curvature vector field for a varifold;
(2) for any test function f 2 C 1 c .R nC1 OEa; b/ and f 0,
A smooth mean curvature flow is automatically a Brakke motion with the inequality in (3.1) becoming an equality.
A Brakke flow ¹ t º t2R is called eternal if spt t ¤ ; for all t 2 R. We restrict our attention to n-dimensional Brakke flows ¹ t º t 2I in R nC1 with bounded area ratios, i.e., for which there is a C < 1 so that for all t 2 I ,
Ilmanen [20, Lemma 7] observed that the monotonicity formula of Huisken [18] could be extended to the class of Brakke flows with initial data that has bounded area ratio:
As a corollary, bounded area ratio at an initial time will be of bounded area ratio with the same constant in later time.
Given a flow with bounded area ratio, we define Huisken's density ‚ .x 0 ;t 0 / .¹ t º/ at the space-time point .x 0 ; t 0 / to be
which is upper semi-continuous by the monotonicity. The entropy of a Brakke flow
It is a lower semi-continuous functional.
Remark 3.1. It is not hard to see that, for a Radon measure, bounded area ratios are equivalent to finite entropy. Definition 3.2. Let K i D ¹ i;t º t t 0 be a sequence of integral Brakke flows, we say K i converges to D¹ t º t t 0 , if (1) i;t ! t for all t t 0 , (2) for a.e. t t 0 , there is a subsequence i.k/, depending on t , so that V i.k/;t ! V t .
Convergence for flows with varying time intervals is defined analogously. Brakke flows with uniform local mass bound have a good compactness theorem.
There are a subsequence i.k/ and an integral Brakke flow K so that K i.k/ ! K.
In particular, the compactness theorem works for any sequence of flows with a uniform entropy bound.
In [6] , Brakke developed a partial regularity theorem for Brakke flows. Later, White [24] simplified the proof for a special, but large class of Brakke flows, which includes the class we use here. We will make use of a corollary of their theorem:
. Let ¹ i;t º t t 0 be a sequence of integral Brakke flows converging to a limit integral Brakke flow ¹ t º t t 0 . If the limit flow is regular (smooth) in B R .y/ .t 1 ; t 2 /, then
Denote the parabolic rescaling and translation of a Brakke flow
Using Huisken's monotonicity formula, Ilmanen [20, Lemma 8] proved that if ‚ .x 0 ;t 0 / > 0 (which is equivalent to ‚ .x 0 ;t 0 / 1), then there is a subsequence i ! 1 such that
Such a limit flow Q K is called a tangent flow at .x 0 ; t 0 /, and it is a backward self-shrinker for negative time.
Enhanced motions and matching motions. For
A pair .T; K/ is called an enhanced motion, if T 2 I nC1 .R nC1 R/ and K D ¹ t º t 2R satisfy the following:
(1) T D 0 and .T t s / D T s and T t 2 I n .R nC1 / for each time slice t; (2) T t D 0 for all t and t 7 ! T t is continuous in the flat topology;
(4) T t Ä t for all t and they are compatible for a.e. t .
T is the undercurrent and K is the overflow. An enhanced motion .T; K/ t 0 with initial data T 0 is one with the above condition (1) replaced by
An enhanced motion in a space-time open subset U I R nC1 R is defined by replacing the space-time domains R nC1 and R in the four items by U and I , respectively.
The enhanced motion .T; K/ is called a matching motion if T t D t D V t for a.e. t . So for matching motions, we do not distinguish T t ; t ; V t for a.e. t. A smooth flow automatically gives rise to a matching motion.
The existence of an enhanced motion with initial data a cycle was proved by Ilmanen in [19] using an elliptic regularization procedure, and reproved by White in [25] . The continuity in flat topology (2) was not explicitly stated in [19] , but was pointed out in [25] .
There are corresponding compactness theorems for integral currents and Brakke flows with finite mass, but we cannot guarantee that the limit of matching motions is still a matching motion in general due to lower semi-continuity of the map V 2 . A counter example is the blowdown limit of a grim reaper translating soliton of (smooth) mean curvature flow. The limit is a quasi-static multiplicity 2-plane with zero undercurrent, i.e. it is not matching.
However, we can rule this out for small entropy and get a compactness theorem for matching motions with low entropy.
Theorem 3.5. Let .T i ; K i / be a sequence of matching motions in R nC1 I that converge to an enhanced motion .T; K/ in R nC1 I . If .K/ < 2, then the limit is also a matching motion.
To prove the theorem, we need a lemma about compatibility of integral currents and varifolds by White [25] .
Lemma 3.6 ([25, Theorem 3.6]). Suppose V i is a sequence of integer multiplicity rectifiable varifolds that converge with locally bounded first variation to an integer multiplicity rectifiable varifold V . Let T i be a sequence of integral currents such that V i and T i are compatible. If the boundaries T i converge (in the integral flat topology) to a limit integral flat chain, then there is a subsequence i.k/ such that T i.k/ converge to an integral current T . Furthermore V and T must then be compatible.
Proof of Theorem 3.5. We have K i D ¹ i;t º ! ¹ t º D K as Brakke flows and T i ! T as currents. By Brakke's convergence, there is a set S 1 with L 1 .S 1 / D 0 (where L 1 denotes the Lebesgue measure), for all t 2 I n S 1 , there is a subsequence i.k/ t , depending on t , such that V i.k/;t ! V t with locally bounded first variation (see [25, Lemma 4.3] ).
By a slicing lemma of White [23, p. 208] , there is a another set S 2 with L 1 .S 2 / D 0, for all t 2 I n .S 1 [ S 2 /, there is a further subsequence i.k.j //, also depending on t, such that
By definition of matching motions we have T i.k.j //;t D 0 for all t, so the condition of Lemma 3.6 is satisfied. Thus, for each t 2 I n .
Since the limit of a subsequence must be the same as the limit of original sequence, we have lim
And T t is compatible with V t , namely
Claim 3.7. For any W 2 IV n .R nC1 / and W ¤ 0, we have .W / 1.
Proof. Because W is rectifiable, it is a.e. a C 1 submanifold with integer multiplicity. For such a point x 0 with C 1 submanifold structure, it has a tangent plane. Moreover,
will become the Euclidean density at this point, which is at least 1.
which forces W t D 0 by Claim 3.7. So, V t D V T t for a.e. t . The limit is also a matching motion.
3.3. Level-set flow. In order to get a matching motion from a generic surface, we will need another notion of a set-theoretic weak flow called the level-set flow. The mathematical theory of level-set flow was developed by Chen, Giga and Goto [8] , and Evans and Spruck [12] [13] [14] [15] . We follow the formulation of level-set flow of Evans and Spruck [12] .
Let be a compact non-empty subset of R nC1 . Select a continuous function 0 so that D ¹x W u 0 .x/ D 0º and there are constants C; R > 0 so that
W jxj Rº for some sufficiently large R. In particular, ¹u 0 a > C º is compact. In [12] , Evans and Spruck established the existence and uniqueness of viscosity weak solutions to the initial value problem (3.2)
Setting t D ¹x W u.x; t / D 0º, define ¹ t º t 0 to be the level-set flow of . It is justified in [12] that the ¹ t º is independent of the choice of u 0 .
A level-set flow has a uniqueness property and an avoidance principle. But it may fatten up in later time, namely a level-set flow in R nC1 may develop some time slices that have non-zero (n C 1)-dimensional Hausdorff measure. But we have the following genericity of non-fattening. . For any closed hypersurface † n R nC1 , and any > 0, and any given k > 0, there is a small perturbation † 0 of †, which is a graph u over † with kuk C k < and such that the level-set flow starting from † 0 is non-fattening.
A non-fattening level-set flow is a matching motion (see [19, p. 55] ).
Canonical boundary motions.
We will make use of the existence of a special kind of matching motion, called the canonical boundary motion starting from these generic surfaces obtained in Proposition 3.8 (see [19, Section 11] ).
Using definitions from [21] , we denote by E the reduced boundary of E. If E is of locally finite perimeter, then
Eº is of finite perimeter and t D H n b E t .
In particular, a canonical boundary motion is a non-fattening level-set flow. Ilmanen proved the existence of canonical boundary motions [19, Theorem 11.4] . We need a weaker version of it.
Theorem 3.11 ([19, Theorem 11.4]).
If † n R nC1 is a closed hypersurface such that the level-set flow is non-fattening, then there is a canonical boundary motion starting from †. In particular, it is a matching motion.
The following uniqueness theorem of the flow of round sphere S n R nC1 will be used in the proof of the main theorem (when applying Theorem 3.4, we need the limit flow to be regular). It was not explicitly stated in [2] , but can be drawn as a corollary of what was proved in that paper. Theorem 3.12. Suppose .T; K/ is a matching motion in R nC1 OE 1; 1/ with K D ¹ t º t 2OE 1;1/ and .K/ D ƒ n . If it is the limit of a sequence of compact canonical boundary motions: K D lim K i , with each K i becoming extinct at .0; 0/ 2 R nC1 OE 1; 1/, .K i / ! ƒ n , then .T; K/ is the regular flow of a round n-sphere. Since the entropy is monotonic non-increasing under the flow, we conclude that it is constant over time and equal to that of a round sphere and thus a self-shrinker by monotonicity.
Combining with the fact that it is extinct at a round-sphere tangent flow at .0; 0/ in space-time, it must be the flow of a round shrinking n-sphere.
Properties of matching motions with low entropy in R nC1
Some of the results in this section can be made stronger by weakening the entropy bounds in the conditions, but the versions here are enough for our purpose.
We define the set of self-shrinking measures on R nC1 by
Denote by C SM n D ® 2 SM n W has compact support¯: Further, given ƒ > 0, set
According to [2, Proposition 4.3], any 2 C SM n .
3 2 / is a compact boundary measure. In particular, if n 3, any 2 C SM n .ƒ n 1 / is a compact boundary measure. As the corresponding results in dimension 2 are already known, we restrict ourselves to n 3 in this section.
For 2 SM n .R nC1 / a self-shrinking varifold, we call K D ¹ t º t 2R an associated Brakke flow to if t D p t for t < 0. An associated matching motion to a self-shrinking measure is one whose associated overflow is an associated Brakke flow. By Theorem 3.5, any tangent flow of a matching motion with entropy bounded by 2 is an associated matching motion to a self-shrinking measure.
Lemma 4.1 ([2, Lemma 4.4]).
For 2 SM n .R nC1 / with . / < 1, let K be an associated Brakke flow to . If there is a y 2 R nC1 n ¹0º with ‚ .y;0/ 1 and T is a tangent flow of K at .y; 0/, then T splits off a line backward in time, that is,
for some t 2 IM n 1 .R n / and 1 2 SM n 1 .R n /.
Proof. For the y ¤ 0 with ‚ .y;0/ 1, and T being a tangent flow at .y; 0/, there exists a sequence i ! 1 such that i .K .y; 0// ! T . By the self-similarity of K, we have, for any 2 R,
where we used the fact that lim i !1 .1 C Since is arbitrary, we conclude that the tangent flow splits off a line in the direction of y backward in time.
Lemma 4.2. If . Q T ; Q K/ is an associated matching motion of an asymptotic conical selfshrinker † 3 that is an tangent flow of a matching motion with entropy less than 2, then it cannot be extinct at time 0.
Proof. Because † is asymptotic to a regular cone, there is . Q x 0 ; 0/, Q x 0 2 R nC1 n ¹0º in the regular support of Q T 0 . Namely, a tangent flow at . Q x 0 ; 0/ is a multiplicity-1 plane for negative time. If 0 is the extinction time, then the tangent flow must also be 0 for positive time. We get a quasi-static multiplicity-1 plane as a tangent flow, which is not a matching motion, a contradiction to Theorem 3.5.
Proposition 4.3. For each n, there exists a ı.n/ such that: If .T; K/ is a matching motion in R nC1 with .K/ Ä ƒ n C ı.n/ that becomes extinct at time t 0 and ‚ .x 0 ;t 0 / 1 for some x 0 2 R nC1 , then any tangent flow at .x 0 ; t 0 / is the round n-sphere.
Proof. Since n 3, if we choose ı.n/ < ƒ n 1 ƒ n , any element in C SM n .ƒ n C ı.n// is a compact boundary measure. By the results of [2, Corollary 6.5] for dimensions 2 Ä n Ä 6 and [26, Corollary 2.9] for all higher dimensions, we can choose some ı.n/ < .ƒ n 1 ƒ n / so that the only element in C SM n .ƒ n C ı.n// that is a compact boundary measure is the round sphere.
For n D 3, by [4, Proposition 3.3], if 2 SM 3 .ƒ/ does not have compact support, then D † 3 where † 3 is a regular self-shrinker that is asymptotic to a regular cone (the link of the asymptotic cone is a smooth embedded hypersurface in S 3 ).
So for n D 3, if t 0 is the extinction time and ‚ .x 0 ;t 0 / > 0, then a tangent flow at .x 0 ; t 0 / is a matching motion by Theorem 3.5, and extinct at time 0 because .T; K/ is extinct at t 0 . Then by Lemma 4.2, we conclude that a tangent flow at .x 0 ; t 0 / is a round 3-sphere.
For dimension n 4, since we do not have these regularity results, we argue by induction. Suppose we know that for k D 3; : : : ; n 1, any k-dimensional self-shrinking matching motion that is not a sphere cannot be extinct at time 0.
If an extinction-time tangent flow of .T; K/ is n , a non-compact self-shrinker in SM n .ƒ n C ı.n//, with associated matching motion . Q T n ; Q K n / and being extinct at 0, then we can choose y n 0 2 R nC1 ¹0º such that ‚ .y 0 ;0/ .¹ Q T n t º/ > 0. By Lemma 4.1, any tangent flow at .y 0 ; 0/ splits off a line backward in time, say it is ¹ t Rº for t Ä 0 and
Since it is a tangent flow at the extinction time, ¹ t º must also become extinct at time 0, and is not the (n 1)-sphere by the entropy bound, contradicting the induction hypothesis. We thus proved the proposition.
We have the following straightforward consequence.
Corollary 4.4. For the same ı.n/ as in Proposition 4.3, if 2 SM n .ƒ n C ı.n// has a non-compact support, and it has associated matching motion, then this matching motion cannot be extinct at time 0. Lemma 4.5. Let .T i ; K i D ¹ i;t º/ be a sequence of matching motions in R nC1 converging to .T; K D ¹ t º/, .K/ Ä ƒ n C ı.n/ and 0 2 spt. i;0 / for all i . If it does not develop a spherical singularity for t 2 . R; R/ (R > 0), then 0 2 spt. 0 /. Remark 4.6. Without the condition that .T; K/ does not develop a spherical singularity for t 2 . R; R/, the lemma is false. For example we can choose a sequence of regular spacetime points on the shrinking sphere that converges to its extinction space-time point.
Proof. By upper semi-continuity of Huisken's density, we have ‚ .0;0/ . t / 1. If 0 … spt. 0 /, then there is a neighborhood U R nC1 of 0 such that U \ spt. 0 / D ;, and 0 is an extinction singularity for the flow .T; K/ restricted to U .
By Proposition 4.3, the tangent flow of .T; K/ at .0; 0/ is a multiplicity-1 round sphere. By Brakke's regularity theorem (Proposition 3.4), for large enough i , .T i ; K i / must also be a flow of a topological sphere that develops a spherical singularity before time R 2 , a contradiction. Lemma 4.5 is thus proved.
Proposition 4.7. An ancient matching motion .T; K/ in R nC1 with .K/ Ä ƒ n C ı.n/, where ı.n/ is given in Lemma 3.12, is either eternal or the flow of a topological sphere.
Proof. Suppose it is not eternal, it has extinction time t 0 . Choose .x 0 ; t 0 / such that ‚ .x 0 ;t 0 / .K/ 1. By the entropy bound and Brakke's compactness theorem, there is a blow-down sequence of flows D i .K .x 0 ; t 0 //, for some i ! 0, converging to a limit flow Q K D ¹ Q t º. The limit is a matching motion . Q T ; Q K/ by Theorem 3.5 and extinct at t D 0. Huisken's monotonicity formula [18] implies that this limit flow is backwardly self-similar for t < 0.
By Corollary 4.4, . Q T ; Q K/ must be the self-shrinking round sphere, Q 1 D p 2nS n . The convergence is multiplicity 1 by the entropy bound. So by Brakke's regularity theorem (Proposition 3.4), for large enough i , D i .K .x 0 ; t 0 // is also the flow of a topological sphere. We have
Remark 4.8. In [3, Proposition 3.2], Bernstein and Wang got a stronger classification in R 3 by making use of the entropy lower bound for the 2-dimensional asymptotic conical self-shrinker in [5] . This classification depends on a classification of genus 0 self-shrinkers by Brendle [7] , the argument of which only works in dimension 2.
Proposition 4.9. The ı.n/ can be chosen small enough so that: If .T; K D ¹ t º t 2R / is a matching motion in R nC1 R with entropy .K/ Ä ƒ n C ı.n/, and it develops a spherical singularity at .x 0 ; t 0 /, then the flow is extinct at time t 0 at the point x 0 .
Proof. Suppose the contrary. Then there is a sequence .T i ; K i D ¹ i;t º/ of matching motions, with entropy .K i / < ƒ n C Since the flows are not extinct at .0; 0/, there is a point .y i ; 0/ such that y i ¤ 0 and y i 2 spt. i;0 /.
We consider the rescaled flows
The new flows satisfy
By Brakke's compactness theorem, we can extract a subsequence i.k/ so that Q K i.k/ ! K 1 , and y i jy i j ! u. The limit flow K 1 is also a matching motion by Theorem 3.5. Moreover, by the upper semi-continuity of Huisken's density and the lower semi-continuity of entropy, we have
‚ .0;0/ ƒ n ; ‚ .u;0/ 1 for some u with juj D 1:
But this is a contradiction, because by Huisken's monotonicity formula, for some time t < 0, the time t slice of the flow K 1 has entropy strictly greater than ƒ n .
2-sided clearing-out lemma and estimate of Hausdorff distance
We will still restrict ourselves to dimension n 3 for convenience, the 2-dimensional case was already known in [3] . The following is the clearing-out lemma of Brakke (see [6, Lemma 6. To prove the second inequality, we use a standard blow-up argument. Suppose the inequality is false. Then there exist sequences C i ! 1 and Á i ! 0, satisfying Á i C n i ! 0, a sequence of eternal matching motions .T i ; K i D ¹ i;t º/ with .K i / Ä ƒ n C ı.n/ and 0 2 spt. i;0 /, and a sequence i > 0, such that
We rescale the flows parabolically by factors
, which are also eternal flows as well. And they satisfy
By Brakke's compactness theorem, there is a subsequence i.k/ such that Q K i.k/ ! K 1 , which is also a matching motion .T 1 ; K 1 / by Theorem 3.5.
Since C i.k/ ! 1 and Q 1 .B C i.k/ .0// < Á i .C i.k/ / n ! 0, the limit flow K 1 must be extinct before time t D 1, thus not eternal. By Theorem 4.7, the limit flow is the flow of a topological sphere.
The entropy bound gives multiplicity of convergence 1. By Brakke's regularity theorem (Proposition 3.4), the convergence is smooth and graphical over topological spheres. For large enough i.k/, Q K i.k/ also develops a spherical singularity in finite time t. By Proposition 4.9, it must be extinct at the time a spherical singularity occurs, contradicting the fact that the flows Q K i.k/ are eternal. This completes the proof. .
Because of rescaling, we also have that ¹ Q i;t º does not develop spherical singularities for t 2 . R If K 1 is eternal, by choosing D 1, we get a contradiction to Proposition 5.2. If K 1 is the flow of a topological sphere, say 1;t is a topological sphere that is extinct at time Q t, then by Brakke's regularity theorem (Proposition 3.4), for large enough i.k/, the flow also develops a spherical singularity before time 2 Q t , contradicting the fact that it does not develop spherical singularities for t 2 . R
This completes the proof of Theorem 5.3.
Proof of Theorem 1.1
We are now ready to prove the main theorem. First we need the following consequence of what is proved in the previous section.
Lemma 6.1. For n 3 and ı.n/ chosen as in the previous section, there is a C.n; / so that: If .T; K D ¹ t º/ is a matching motion in R nC1 OE0; t 0 with .K/ Ä ƒ n C ı.n/, and t does not develop spherical singularities for t 2 .0; t 0 /, then for any
Proof. Theorem 5.3 gives us a C > 0 and 2 .0; 1/ such that for any t 2 .0; t 0 /, if 0 < < min. t; .t 0 t //, then spt. t C / is in the C p neighborhood of spt. t / and spt. t / is in the C p neighborhood of spt. t /:
By replacing t with t C , the previous line gives us
Now for any 0 < t 1 < t 2 < t 0 , we can choose Á 1 and Á 2 , depending on , such that For the case t 1 D 0 or t 2 D t 0 , since C is independent of t 1 ; t 2 , we can take limits. Thus the lemma is proved. Proposition 6.2. The ı.n/ can be chosen small enough so that, if .T; K D ¹ t º t 0 / is a matching motion in R nC1 with initial data 0 D † 0 being a closed hypersurface and .K/ < ƒ n C ı.n/, then if ¹ t º develops a spherical singularity at space-time point .x 0 ; t 0 / 2 R nC1 .0; 1/, then the flow is extinct at time t 0 at a spherical singularity at x 0 .
Proof. Without loss of generality, we can assume that x 0 D 0, t 0 D 1, for otherwise we can do a parabolic translation and dilation to make this happen. The proof is by contradiction. To continue the proof of Proposition 6.2, suppose the assertion of the proposition is false. Then there is a sequence of matching motions .T i ; K i D ¹ i;t º t 0 /, each of which satisfying that i;0 is a closed hypersurface, .K i / Ä ƒ n C 1 i . They all develop a spherical singularity at .0; 1/ 2 R nC1 .0; 1/ and have a point y i 2 spt. i;1 / \ B 4C , y i ¤ 0 such that ‚ .y i ;1/ 1.
By the lower semi-continuity of entropy, there is a ı i > 0 such that if the Q † i are chosen as a graph u i over † i with ku i k C 0 . † i / < ı, then
Thus, we can choose Q † i according to Proposition 3.8 so that it is a graph u i over † i with
We thus proved the claim.
Now we have a sequence of matching motions .T i ; K i D ¹ i;t º/, with i;0 D Q
